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Abstract
This paper deals with the blow-up properties of positive solutions to a system
of two heat equations ut = ∆u, vt = ∆v in BR× (0, T ) with Neumann boundary
conditions ∂u∂η = e
vp , ∂v∂η = e
uq on ∂BR × (0, T ), where p, q > 1, BR is a ball in
Rn, η is the outward normal. The upper bounds of blow-up rate estimates were
obtained. It is also proved that the blow-up occurs only on the boundary.
1 Introduction
In this paper, we consider the system of two heat equations with coupled nonlinear
Neumann boundary conditions, namely
ut = ∆u, vt = ∆v, (x, t) ∈ BR × (0, T ),
∂u
∂η = e
vp , ∂v∂η = e
uq , (x, t) ∈ ∂BR × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ BR,

 (1.1)
where p, q > 1, BR is a ball in R
n, η is the outward normal, u0, v0 are smooth,
radially symmetric, nonzero, nonnegative functions satisfy the condition
∆u0,∆u0 ≥ 0, u0r(|x|), v0r(|x|) ≥ 0, x ∈ BR. (1.2)
The problem of system of two heat equations with nonlinear Neumann bound-
ary conditions defined in a ball,
ut = ∆u, vt = ∆v, (x, t) ∈ BR × (0, T ),
∂u
∂η = f(v),
∂v
∂η = g(u), (x, t) ∈ ∂BR × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ BR,

 (1.3)
1
was introduced in [1, 2, 5, 6], for instance, in [1] it was studied the blow-up
solutions to the system (1.3), where
f(v) = vp, g(u) = uq, p, q > 1. (1.4)
It was proved that for any nonzero, nonnegative initial data (u0, v0), the finite
time blow-up can only occur on the boundary, moreover, it was shown in [5] that,
the blow-up rate estimates take the following form
c ≤ max
x∈Ω
u(x, t)(T − t)
p+1
2(pq−1) ≤ C, t ∈ (0, T ),
c ≤ max
x∈Ω
v(x, t)(T − t)
q+1
2(pq−1) ≤ C, t ∈ (0, T ).
In [2, 6], it was considered the solutions of the system (1.3) with exponential
Neumann boundary conditions model, namely
f(v) = epv, g(u) = equ, p, q > 0. (1.5)
It was proved that for any nonzero, nonnegative initial data, (u0, v0), the solution
blows up in finite time and the blow-up occurs only on the boundary, moreover,
the blow-up rate estimates take the following forms
C1 ≤ equ(R,t)(T − t)1/2 ≤ C2, C3 ≤ epv(R,t)(T − t)1/2 ≤ C4.
In this paper, we prove that the upper blow-up rate estimates for problem
(1.1) take the following form
max
BR
u(x, t) ≤ logC1 − α
2
log(T − t), 0 < t < T,
max
BR
v(x, t) ≤ logC2 − β
2
log(T − t), 0 < t < T,
where α = p+1pq−1 , β =
q+1
pq−1 . Moreover, the blow-up occurs only on the boundary.
2 Preliminaries
The local existence and uniqueness of classical solutions to problem (1.1) is well
known by [8]. On the other hand, every nontrivial solution blows up simultane-
ously in finite time, and that due to the known blow-up results of problem (1.3)
with (1.4) and the comparison principle [8].
In the following lemma we study some properties of the classical solutions of
problem (1.1). We denote for simplicity u(r, t) = u(x, t).
Lemma 2.1. Let (u, v) be a classical unique solution of (1.1). Then
(i) u, v are positive, radial. Moreover, ur, vr ≥ 0 in [0, R]× (0, T ).
(ii) ut, vt > 0 in BR × (0, T ).
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3 Rate Estimates
In order to study the upper blow-up rate estimates for problem (1.1), we need to
recall some results from [3, 5].
Lemma 3.1. [5] Let A(t) and B(t) be positive C1 functions in [0, T ) and satisfy
A
′
(t) ≥ c B
p(t)√
T − t , B
′
(t) ≥ c A
q(t)√
T − t for t ∈ [0, T ),
A(t) −→ +∞ or B(t) −→ +∞ as t −→ T−,
where p, q > 0, c > 0 and pq > 1. Then there exists C > 0 such that
A(t) ≤ C(T − t)−α/2, B(t) ≤ C(T − t)−β/2, t ∈ [0, T ),
where α = p+1pq−1 , β =
q+1
pq−1 .
Lemma 3.2. [3] Let x ∈ BR. If 0 ≤ a < n− 1. Then there exist C > 0 such that∫
SR
dsy
|x− y|a ≤ C.
Theorem 3.3. (Jump relation, [3]) Let Γ(x, t) be the fundamental solution of
heat equation, namely
Γ(x, t) =
1
(4pit)(n/2)
exp[−|x|
2
4t
]. (3.1)
Let ϕ be a continuous function on SR× [0, T ]. Then for any x ∈ BR, x0 ∈ SR, 0 <
t1 < t2 ≤ T, for some T > 0, the function
U(x, t) =
∫ t2
t1
∫
SR
Γ(x− y, t− z)ϕ(y, z)dsydτ
satisfies the jump realtion
∂
∂η
U(x, t)→ −1
2
ϕ(x0, t) +
∂
∂η
U(x0, t), as x→ x0.
Theorem 3.4. Let (u, v) be a solution of (1.1), which blows up in finite time T.
Then there exist positive constants C1, C2 such that
max
BR
u(x, t) ≤ logC1 − α
2
log(T − t), 0 < t < T,
max
BR
v(x, t) ≤ logC2 − β
2
log(T − t), 0 < t < T.
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Proof. We follow the idea of [5], define the functions M and Mb as follows
M(t) = max
BR
u(x, t), and Mb(t) = max
SR
u(x, t).
Similarly,
N(t) = max
BR
v(x, t), and Nb(t) = max
SR
v(x, t).
Depending on Lemma 2.1, both of M,Mb are monotone increasing functions, and
since u is a solution of heat equation, it cannot attain interior maximum without
being constant, therefore,
M(t) =Mb(t). Similarly N(t) = Nb(t).
Moreover, since u, v blow up simultaneously, therefore, we have
M(t) −→ +∞, N(t) −→ +∞ as t −→ T−. (3.2)
As in [4, 5], for 0 < z1 < t < T and x ∈ BR, depending on the second Green’s
identity with assuming the Green function:
G(x, y; z1, t) = Γ(x− y, t− z1),
where Γ is defined in (3.1), the integral equation to problem (1.1) with respect
to u, can be written as follows
u(x, t) =
∫
BR
Γ(x− y, t− z1)u(y, z1)dy +
∫ t
z1
∫
SR
ev
p(y,τ)Γ(x− y, t− τ)dsydτ
−
∫ t
z1
∫
SR
u(y, τ)
∂Γ
∂ηy
(x− y, t− τ)dsydτ,
As in [4], letting x→ SR and using the jump relation (Theorem 3.3) for the third
term on the right hand side of the last equation, it follows that
1
2
u(x, t) =
∫
BR
Γ(x− y, t− z1)u(y, z1)dy +
∫ t
z1
∫
SR
ev
p(y,τ)Γ(x− y, t− τ)dsydτ
−
∫ t
z1
∫
SR
u(y, τ)
∂Γ
∂ηy
(x− y, t− τ)dsydτ,
for x ∈ SR, 0 < z1 < t < T.
Depending on Lemma 2.1 we notice that u, v are positive and radial.Thus∫
BR
Γ(x− y, t− z1)u(y, z1)dy > 0,∫ t
z1
∫
SR
ev
p(y,τ)Γ(x− y, t− τ)dsydτ =
∫ t
z1
ev
p(R,τ)[
∫
SR
Γ(x− y, t− τ)dsy]dτ.
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This leads to
1
2
M(t) ≥
∫ t
z1
eN
p(τ)[
∫
SR
Γ(x− y, t− τ)dsy]dτ
−
∫ t
z1
M(τ)[
∫
SR
| ∂Γ
∂ηy
(x− y, t− τ)|dsy]dτ, x ∈ SR, 0 < z1 < t < T.
It is known that (see [3]) there exist C0 > 0, such that Γ satisfies
| ∂Γ
∂ηy
(x− y, t− τ)| ≤ C0
(t− τ)µ ·
1
|x− y|(n+1−2µ−σ) , x, y ∈ SR, σ ∈ (0, 1).
Choose 1− σ2 < µ < 1, from Lemma 3.2, there exist C∗ > 0 such that∫
SR
dsy
|x− y|(n+1−2µ−σ) < C
∗.
Moreover, for 0 < t1 < t2 and t1 is closed to t2, there exists c > 0, such that∫
SR
Γ(x− y, t2 − t1)dsy ≥ c√
t2 − t1
,
Thus
1
2
M(t) ≥ c
∫ t
z1
eN
p(τ)
√
t− τ dτ − C
∫ t
z1
M(τ)
|t− τ |µ dτ.
Since for 0 < z1 < t0 < t < T, it follows that M(t0) ≤ M(t), thus the last
equation becomes
1
2
M(t) ≥ c
∫ t
z1
eN
p(τ)
√
T − τ dτ − C
∗
1M(t)|T − z1|1−µ.
Similarly, for 0 < z2 < t < T, we have
1
2
N(t) ≥ c
∫ t
z2
eM
q(τ)
√
T − τ dτ − C
∗
2N(t)|T − z2|1−µ.
Taking z1, z2 so that
C∗1 |T − z1|1−µ ≤ 1/2, C∗2 |T − z2|1−µ ≤ 1/2,
it follows
M(t) ≥ c
∫ t
z1
eN
p(τ)
√
T − τ dτ, N(t) ≥ c
∫ t
z2
eM
q(τ)
√
T − τ dτ. (3.3)
Since both of M,N increasing functions and from (3.2), we can find T ∗ in
(0, T ) such that
M(t) ≥ q 1(q−1) , N(t) ≥ p 1(p−1) , for T ∗ ≤ t < T.
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Thus
eM
q(t) ≥ eqM(t), eNp(t) ≥ epN(t), T ∗ ≤ t < T.
Therefore, if we choose z1, z2 in (T
∗, T ), then (3.3) becomes
eM(t) ≥ c
∫ t
z1
epN(τ)√
T − τ dτ ≡ I1(t), e
N(t) ≥ c
∫ t
z2
eqM(τ)√
T − τ dτ ≡ I2(t).
Clearly,
I
′
1(t) = c
epN(t)√
T − t ≥
cIp2√
T − t , I
′
2(t) = c
eqM(t)√
T − t ≥
cIq1√
T − t .
By Lemma 3.1, it follows that
I1(t) ≤ C
(T − t)α2 , I2(t) ≤
C
(T − t)β2
, t ∈ (max{z1, z2}, T ). (3.4)
On the other hand, for t∗ = 2t− T (Assuming that t is close to T ).
I1(t) ≥ c
∫ t
t∗
epN(τ)√
T − τ dτ ≥ ce
pN(t∗)
∫ t
2t−T
1√
T − τ dτ = 2c(
√
2− 1)
√
T − tepN(t∗).
Combining the last inquality with (3.4) yields
eN(t
∗) ≤ C
2c(
√
2− 1)(T − t)
p+1
2p(pq−1)
+ 1
2p
=
2
q+1
2(pq−1)C
2c(
√
2− 1)(T − t∗)
q+1
2(pq−1)
.
Thus, there exists a constant c1 > 0 such that
eN(t
∗)(T − t∗)
q+1
2(pq−1) ≤ c1.
In the same way we can show
eM(t
∗)(T − t∗)
p+1
2(pq−1) ≤ c2.
This leads to, there exists C1, C2 > 0 such that
max
BR
u(x, t) ≤ logC1 − α
2
log(T − t), 0 < t < T, (3.5)
max
BR
v(x, t) ≤ logC2 − β
2
log(T − t), 0 < t < T. (3.6)
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4 Blow-up Set
In order to show that the blow-up to problem (1.1) occurs only on the boundary,
we need to recall the following lemma from [6].
Lemma 4.1. Let w is a continuous function on the domain BR × [0, T ) and
satisfies
wt = ∆w, (x, t) ∈ BR × (0, T ),
w(x, t) ≤ C(T−t)m , (x, t) ∈ SR × (0, T ), m > 0.
}
Then for any 0 < a < R
sup{w(x, t) : 0 ≤ |x| ≤ a, 0 ≤ t < T} <∞.
Proof. Set
h(x) = (R2 − r2)2, r = |x|,
z(x, t) =
C1
[h(x) +C2(T − t)]m .
We can show that:
∆h− (m+ 1)|∇h|
2
h
= 8r2 − 4n(R2 − r2)− (m+ 1)16r2
≥ −4nR2 − 16R2(m+ 1),
zt −∆z = C1m
[h(x) + C2(T − t)]m+1 (C2 +∆h−
(m+ 1)|∇h|2
h+ C2(T − t))
≥ C1m
[h(x) + C2(T − t)]m+1 (C2 − 4nR
2 − 16R2(m+ 1)).
Let
C2 = 4nR
2 + 16R2(m+ 1) + 1
and take C1 to be large such that
z(x, 0) ≥ w(x, 0), x ∈ BR.
Let C1 ≥ C(C2)m, which implies that
z(x, t) ≥ w(x, t) on SR × [0, T ).
Then from the maximum principle [7], it follows that
z(x, t) ≥ w(x, t), (x, t) ∈ BR × (0, T )
and hence
sup{w(x, t) : 0 ≤ |x| ≤ a, 0 ≤ t < T} ≤ C1(R2 − a2)−2m <∞, 0 ≤ a < R.
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Theorem 4.2. Let the assumptions of Theorem 3.4 be in force. Then (u, v) blows
up only on the boundary.
Proof. Using equations (3.5), (3.6)
u(R, t) ≤ c1
(T − t)α2 , v(R, t) ≤
c2
(T − t)β2
, t ∈ (0, T ).
From Lemma 4.1, it follows that
sup{u(x, t) : (x, t) ∈ Ba × [0, T )} ≤ C1(R2 − a2)−α <∞,
sup{v(x, t) : (x, t) ∈ Ba × [0, T )} ≤ C1(R2 − a2)−β <∞,
for a < R.
Therefore, u, v blow up simultaneously and the blow-up occurs only on the
boundary.
References
[1] K. Deng, Global existence and blow-up for a system of heat equations
with nonlinear boundary conditions, Math. Methods Appl. Sci. 18, 307-315,
(1995).
[2] K. Deng, Blow-up rates for parabolic systems, Z. Angew. Math. Phys. 47,132-
143, (1996).
[3] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall,
Englewood Cliffs, N.J., (1964).
[4] B. Hu and H. M. Yin, The profile near blow-up time for solution of the heat
equation with a non-linear boundary condition, Trans. Amer. Math. Soc. 346,
117-135, (1994).
[5] Z. Lin, Ch. Xie and M. Wang, The blow-up property for a system of heat
equations with nonlinear boundary conditions, Appl. Math. -JCU. 13, 181-
288, (1998).
[6] Z. Lin and C. Xie, The blow-up rate for a system of heat equations with
Neumann boundary conditions, Acta Math. Sinica 15, 549-554, (1999).
[7] C. V. Pao., Nonlinear Parabolic and Elliptic Equations, New York and Lon-
don: Plenum Press, (1992).
[8] J. D. Rossi and N. Wolanski, Global existence and nonexistence for a
parabolic system with nonlinear boundary conditions, Differential Integral
Equations 11, 179-190, (1998).
8
